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Problem 4.41

Determine the commutator of S? with Sgl) (where S = S 4+ 8(2) Generalize your result to show
that

[52, s<1>] = 2ih (s<1> X s<2>) . (4.185)
Comment: Because Sél) does not commute with S?, we cannot hope to find states that are
simultaneous eigenvectors of both. In order to form eigenstates of S? we need linear combinations
of eigenstates of Sgl). This is precisely what the Clebsch-Gordon coefficients (in Equation 4.183)
do for us. On the other hand, it follows by obvious inference from Equation 4.185 that the sum
SM + 8@ does commute with S2, which only confirms what we already knew (see Equation
4.103).]

[TYPO: Remove the square bracket at the end.]

Solution

Recall the fundamental commutation relations for spin angular momentum on page 166,
[Sz, Sy| = ihS,
3
Sy, S:) = ihSa p = [S;, Sl =ihY_ €S,

=1
(S, Sz] = ihSy

and expand the right side.

3
2ih (81 x 8@ = 2in | 3~ 8,8 | x [Z 5,57
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Recall also from page 108 that [AB, C’} =A [B, C’} + {A, CA’} B. Since the operators

corresponding to particle 1 commute with those corresponding to

2if (81 x S@) = 223223:51[5(1)%7 st

k=11=1
3 M3

=234 ZS,Q”S,@,S}”]
=1 Lk=1

3 - .
- 2251 s . 5(2)751(1)

3
=2 ls(l) .S®) Z 5l5l(1)
1=1
=9 [s(l) .8 S(l)}

- [gsm : s<2>,s<1>}

_ [(5<1>)2 ’ su)] + 25050, 50] 4

| S —
=0
the square of spin angular
momentum commutes with spin
angular momentum components
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particle 2, [SISQ),SI(I)] =0.

[<5<2))2 , S(l)]

—_——
=0
the operators corresponding
to particle 1 commute with the
operators corresponding to particle 2

Q,Su)]
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Let é;, d,, and &, be the unit vectors in the 2-, y-, and z-directions, respectively. Take the dot
product of 8, with both sides to get the commutator of S? with S,gl).

5, - [s{sm} — 6, -2ih (s<1> X s<2>)

52,50 =2in|st? sV sV
2 2 2
s 5P s

= 2ih | S S — 5V S2)
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